In this article, we formalize the definition of divisible Z-module and its properties in the Mizar system [3] . We formally prove that any non-trivial divisible Z-modules are not finitely-generated. We introduce a divisible Z-module, equivalent to a vector space of a torsion-free Z-module with a coefficient ring Q. 
Divisible Module
Let a, b be elements of F Q and x, y be rational numbers. We identify x + y with a + b. We identify x · y with a · b. Let V be a Z-module and v be a vector of V . We say that v is divisible if and only if (Def. 1) for every element a of Z R such that a = 0 Z R there exists a vector u of V such that a · u = v. Let us observe that 0 V is divisible and there exists a vector of V which is divisible.
Now we state the propositions:
(1) Let us consider a Z-module V , and divisible vectors v, u of V . Then v +u is divisible.
(2) Let us consider a Z-module V , and a divisible vector v of V . Then −v is divisible.
Proof: For every element a of Z R such that a = 0 Z R there exists a vector w of V such that −v = a · w by [9, (6) ].
(3) Let us consider a Z-module V , a divisible vector v of V , and an element i of Z R . Then i · v is divisible.
Let V be a Z-module. We say that V is divisible if and only if (Def. 2) every vector of V is divisible.
Observe that 0 V is divisible and Z-moduleQ is divisible and there exists a Z-module which is divisible.
Let V be a Z-module. Let us note that there exists a submodule of V which is divisible and there exists a divisible Z-module which is non finitely generated. Now we state the propositions:
(4) (The left integer multiplication of F Q ) (Z × Z) = the left integer multiplication of Z R .
Proof: Set a = (the left integer multiplication of F Q ) (Z × Z). For every object z such that z ∈ dom a holds a(z) = (the left integer multiplication of Z R )(z) by [5, (49) ], [13, (15) ], [12, (14) ].
(5) the carrier of Z R , the addition of Z R , the zero of Z R , the left integer multiplication of Z R is a submodule of Z-moduleQ. The theorem is a consequence of (4).
(6) Let us consider a divisible Z-module V , and a submodule W of V . Then Z-ModuleQuot(V, W ) is divisible. Let us note that there exists a divisible Z-module which is non trivial. Now we state the proposition: Let V be a non trivial Z-module and v be a non zero vector of V . Observe that Lin({v}) is non divisible and there exists a submodule of V which is non divisible.
(10) Every non trivial, finitely generated, torsion-free Z-module is not divisible.
Proof: Consider I being a finite subset of V such that I is a basis of V . Consider v being an object such that v ∈ I. v is not divisible by [9, (92) ], [12, (19) ], [19, (15) ], [9, (9) ]. (11) Let us consider a non trivial, finitely generated, torsion Z-module V .
Then there exists an element i of Z R such that (i) i = 0, and
Proof: Define P[natural number] ≡ for every finite subset I of V such that I = $ 1 there exists an element i of Z R such that i = 0 and for every 
Then V is not divisible. (13) Every non trivial, finitely generated, torsion Z-module is not divisible.
The theorem is a consequence of (11) and (12) . One can verify that there exists a non trivial, finitely generated, torsion Z-module which is non divisible. Now we state the proposition: (14) Every non trivial, finitely generated Z-module is not divisible. The theorem is a consequence of (13), (6) , and (10). Let us note that every non trivial, divisible Z-module is non finitely generated.
Let V be a non trivial, non divisible Z-module. One can verify that there exists a non zero vector of V which is non divisible.
Let V be a non trivial, finite rank, free Z-module. Observe that rank V is non zero. Now we state the propositions: 
Divisible Module for Torsion-free Z-module
Let V be a torsion-free Z-module. The functor Embedding(V ) yielding a strict Z-module is defined by (Def. 3) the carrier of it = rng MorphsZQ(V ) and the zero of it = zeroCoset(V ) and the addition of it = addCoset(V ) rng MorphsZQ(V ) and the left multiplication of it = lmultCoset(V ) (Z × rng MorphsZQ(V )). Let us consider a torsion-free Z-module V . Now we state the propositions: (19) (i) every vector of Embedding(V ) is a vector of Z-MQVectSp(V ), and (ii) for every element j of F Q and for every vector v of Z-MQVectSp(V ) such that j ∈ Z and v ∈ Embedding(V ) holds j · v ∈ Embedding(V ). The theorem is a consequence of (19). (ii) T = MorphsZQ(V ), and
The theorem is a consequence of (19).
Now we state the proposition: [7, (96) ]. Let V be a finitely generated, torsion-free Z-module. One can check that Embedding(V ) is finitely generated.
Let V be a non trivial, torsion-free Z-module. Observe that Embedding(V ) is non trivial.
Let G be a field, V be a vector space over G, W be a subset of V , and a be an element of G. The functor a · W yielding a subset of V is defined by the term (Def. 5) {a · u, where u is a vector of V : u ∈ W }.
Let V be a torsion-free Z-module and r be an element of F Q . The functor Embedding(r, V ) yielding a strict Z-module is defined by (Def. 6) the carrier of it = r·rng MorphsZQ(V ) and the zero of it = zeroCoset(V ) and the addition of it = addCoset(V ) (r·rng MorphsZQ(V )) and the left multiplication of it = lmultCoset(V ) ((the carrier of Z R ) × (r · rng MorphsZQ(V ))). Let us consider a torsion-free Z-module V and an element r of F Q . Now we state the propositions: 
The theorem is a consequence of (28). Let V be a torsion-free Z-module. One can check that DivisibleMod(V ) is torsion-free and Embedding(V ) is torsion-free.
Let V be a free Z-module. Let us note that Embedding(V ) is free. Let us consider a torsion-free Z-module V . Now we state the propositions: there exists a vector y of DivisibleMod(V ) such that x = n · y and r · v = m · y. Proof: For every vector z of DivisibleMod(V ) and for every vector w of Z-MQVectSp(V ) and for every element a of Z R and for every element a 1 of F Q such that z = w and a = a 1 holds a · z = a 1 · w by [5, (49) ], [7, (87) ]. For every vector z of DivisibleMod(V ) and for every vector w of Z-MQVectSp(V ) and for every element a 1 of F Q and for every element a of Z R such that a = 0 and a 1 = a and a · z = a 1 · w holds z = w by (30), [9, (8) ], [19, (15) , (21) Then Embedding(r, V ) is a submodule of DivisibleMod(V ). The theorem is a consequence of (25) and (30). Let V be a finitely generated, torsion-free Z-module and r be an element of F Q . Observe that Embedding(r, V ) is finitely generated.
Let V be a non trivial, torsion-free Z-module and r be a non zero element of F Q . One can verify that Embedding(r, V ) is non trivial.
Let V be a torsion-free Z-module and r be an element of F Q . Observe that Embedding(r, V ) is torsion-free.
Let V be a free Z-module and r be a non zero element of F Q . One can check that Embedding(r, V ) is free. Now we state the propositions: (34) Let us consider a finite rank, free Z-module V . Then rank Embedding(V ) = rank V . The theorem is a consequence of (21).
Let us consider a finite rank, free Z-module V and a non zero element r of F Q . Now we state the propositions:
(35) rank Embedding(r, V ) = rank Embedding(V ). The theorem is a consequence of (27).
(36) rank Embedding(r, V ) = rank V . The theorem is a consequence of (35) and (34).
Observe that every non trivial, torsion-free Z-module is infinite. Now we state the propositions: Proof: For every vector x of DivisibleMod(V ) such that x ∈ Embedding(r 1 , V ) holds x ∈ Embedding(r 2 , V ) by (27), [6, (11) ], (19) , [6, (5) ]. Embedding (r 1 , V ) is a submodule of DivisibleMod(V ) and Embedding(r 2 , V ) is a submodule of DivisibleMod(V ).
(40) Let us consider a finite rank, free Z-module V , and a submodule Z of DivisibleMod(V ). Then Z is finitely generated if and only if there exists a non zero element r of F Q such that Z is a submodule of Embedding(r, V ). The theorem is a consequence of (32), (29), (19) , (27), (31), and (39).
